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Abstract. The rapid introduction of fiber-optic communication lines into
telecommunication networks in recent years has led to significant advantages arising from
the peculiarities of the propagation of high-speed radio signals in fiber. For a deep
understanding of the processes of signal transmission in fiber-optic communication lines,
first of all, it is necessary to know the propagation of electromagnetic waves in fiber-optic
communication lines, as well as the exact solution of electrodynamics problems.

The author analyzes the propagation of hybrid electromagnetic waves in an optical fiber
and defines the principles and algorithms of the engineering method for calculating the
optical parameters of fibers.

In the work, which consists of two parts, in the first part, the boundary value problem
on the propagation of electromagnetic waves in a regular confocal cylindrical stepped fiber
is solved, as a result of which: an equation of eigenvalues (EVE) is obtained, which
determines the hybrid mode of propagation of electromagnetic waves, in addition, the
obtained EVE is compared with similar equations obtained by other authors at the same
time, the comparison shows errors or typos in their works. In the second part of the work,
the analysis of the transcendental eigenvalue equation for hybrid electromagnetic waves
(modes) is carried out and the critical frequencies for the corresponding modes are
determined. An engineering method and an algorithm for calculating the main optical
parameters of fibers optical communication line (FOCL) are proposed.
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AHHOmMauisa. Cmpemike 6rnposadxeHHsI B80/IOKOHHO-OMMUYHUX fliHIU 38'A3Ky 8
meneKkoMyHikauitiHi Mepexi 8 ocmaHHI poku rfpu3eeno 00 3Ha4YHUX riepesas, Wo
surnnuearomb 3 o0cobsugocmel MOWUPEHHST B8UCOKOWBUOKICHUX padiocusHarnie e
onmoeoriokHe. [nsi enubokozo po3yMiHHS rnpouecie rnepedayi cusHarsie 8 80/I0KOHHO-
OMMUYHUX JTIHISIX 38'A3KY, nepuw 3a ece, HEOOXIOHO 3HaHHS MOWUPEHHS €JIEKMPOMAazHImHUX
X8UMb 8 BOJIOKOHHO-OMMUYHUX JliHIAX 383Ky, a makKoX MmOYHe piweHHs 3aday
ennekmpolOuHamiku.  Aemopom  30ilCHIOEMbCS  aHasi3  MOWUPEHHST  2ibpudHUX
efleKmpoMazgHimHUX Xeusb 8 OfMUYHOMY 8OJIOKHI | eu3Ha4atombCs MPUHYUNU ma
ana2opummu iHXeHepHo20 MemoQdy Po3paxyHKy ONMUYHUX rapamempie 80/10KOH. B
pobomi, wjo cknaBaembcs 3 080X 4YacmuH, 6 rnepwili YyacmuHi supiwyembcs Kpatioga
3adaya rpo MOWUPEHHS €NeKMPOMAazgHImHUX X8Uslb 8 Pe2yrisipHOMY KOHGOKarbHOMY
UUNiHOPUYHOMY CmMYyreHea8y OrMMmuUYHOMY 80J10KHI, 8 pe3yibmami 4020: OMpPUMaHO PiBHIHHS
enacHux 3HadeHb (EVE), wio susHayvae 2ib6pudHuli pexxum rnowupeHHs erekmpomMagHimHux,
KpiMm moeo, ompumaHe EVE nopieHioembcsi 3 aHasio2idHUMU PIBHSIHHSIMU, SKi 6yrnu
ompumaHi IHWUMU asmopamu, rnpu UbOMYy MpU MOPIBHSIHHI 8USIBNISIIOMbLCS MOMUIKU abo
OpyKapchbKi rnomusnku 8 ix pobomax. Y Opyeil yacmuHi pobomu rnpoeodumbcsi aHasli3
mpaHCUeHOEeHMHO20 PIiBHSIHHS 8/1aCHUX 3Ha4deHb Onisi 2ibpudHUX efleKmpoMazHIimHUX
xgunb (M0oQ) i eusHayarombCsi KpumuyHi Yacmomu 05 8idnogidHux mod [llpu ubomy.
3Haxo00siImbCs1 38'A3KY Mk OUCKDEMHUMU 3Ha4YeHHsIMU KoedbiyieHmie no3008XKHb020
MOWUPEHHS cuaHary (npu ekpall HU3bKUX KoegbiuieHmax 3amyxaHHs) i KoecgpiyieHmamu
ronepeyHo20 MOWUPEHHs Ha Yacmomi poboy4oeo cuaHary (abo Ha pobouili Q08XKUHI xeusi
Ons 3a0aHux napamempie cepuyesuHu i 060T0HKU.

Knro4oei cnoea: xgunbo8a meopisi, cmyrieHegy 80/I0KHO, efleKmpoMaaHimHi xeuri
(EMX), pisHsHHs1 enacHux 3HadeHb (EVE), koecpiuieHm 3az2acaHHs, ducriepcisi, cmyaa
MPOMYyCKaHHS.

Introduction

Impetuous inculcation of fiber optics communication lines in telecommunication
networks over the last years resulted in considerable advantages, which followed
from peculiarities of high-speed radio-signals propagation in optical fiber. What is
necessary for deep understanding of signals transfer processes in optical fiber
communication lines first of all is the knowledge of electromagnetic waves
propagation in optical fiber lines along with exact solutions of electrodynamics
problems. Unfortunately, either until now the stepped fiber optics wave theory
solutions in various monographs and textbooks are published with errors or
misprinted, that hampers proper estimates of fiber optics parameters and signal
transfer regimes. In addition to these reasons, it is advisable to consider the analysis
of the propagation of hybrid EMF and, on their basis, to determine the principles
and algorithms of the engineering method for calculating the optical parameters of
fibers.

Let the infinite optical fiber line be a confocal two-layer cylindric (as shown in
Fig. 1(a,b), upon that refraction coefficient of the core is equal to n1, and cladding
— n2, d=2a - core diameter, D=2b — cladding diameter. Let the optical fiber line be
tied with cylindrical coordinates (Fig. 1a), where er, e, ez are unit vectors of
cylindrical coordinates. Let us assume that the core radiates (for example, with the
help of the semiconductor laser) monochromatic electromagnetic wave (EMW) on
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o - frequency, which propagates along the coordinate Z. It is required to determine
an electromagnetic field in the core and in cladding, that is to find rojections of
electrical and magnetic field vectors in cylindrical coordinates:
E =E.é, +E,é, +E,é, H=H,&é +H,é,+ H,é,. (1)

Let the electromagnetic waves propagate in a homogeneous, isotropic and
linear dielectric medium €1, (r,9,z,) = const, g1 ,(E) = const, g; >&, and let the
conductivity of the mediums be equal to zero 1,2 =0 and their relative magnetic
permeability be equal to 1 (u1,2 = 1).

Strength
Member

J:I~;'mj§‘i

Cladding

Outer
Jacket

Coating Core

' Fig. 1. (a) Optical fiber line with cylindrical coordinates; (b) Fiber Optical Communication
line (FOCL)

Singularities of problem

In any cylindrical wave guide an electromagnetic field can be submitted as
Transversal Electric — TEnm — Hnm (at longitudinal component an electrical fields
EZ = 0)), Transversal Magnetic - TMnm - Enm (at longitudinal component a
magnetic field is equal to zero HZ = 0) and EHnm and HEnm hybrid electromagnetic
waves. Let us write the Maxwell's equations for the considered boundary value
problem in complex form to solve it:

-

; - - - i -
rotH =jweE ,rot E = —jou H , dive E = 0,divu H = 0, (2)
at the following boundary conditions:
Ez1 = EzEp1r = Ega, Hpn = Hpp Hpy = Hyp, €11 = &2Ep Hyy = Hyp,. (3)

It is admissible, that the complex amplitudes of electrical and magnetic strength
field vectors depend on time, as e jot, and on a longitudinal coordinate z, as e-jkz.

Then the Maxwell’s equations are transformed into Helmholtz’s equations [1-3]:
- - - -

VH +kH=0,  VE +KE=0, (4)
where k2 = n2¢u is a square of wave number, which characterizes the change of
the electromagnetic field (EMF) components along the Z coordinate. Let us seek
the longitudinal components of the EMF. Assuming that:

Ez~e" et Hz ~ e gt (5)
for this relatively longitudinal component may be written down as the Helmholtz’s
equations:
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02H, 10H, 1 0%H,
t——+=S—
or? r ar r? 6¢>2
02E, 10E, 1 0%E
t——+ =
arz ' r or | r2ag?
where g21,2=k21,2+y2 (8) - transverse propagation coefficients of

electromagnetic waves [g1 (in core, along r) or g2 (in cladding, along r) ], v -
longitudinal propagation coefficient. After simple transformations, we obtain [1,2]:

+g2H, =0
, (6)

—Z4 g2E, =0

E,(r,¢,2) =) ; - _ . _

B (. b.2) =} [Am - Jm(g7) + Ly - N (g7)] - cos(mo) - exp( — y2), (7)
or

E,(r) = @ ) lr,@ 1)

: } [H Ggr) +Hp Ogr)]+JL [H (gr) — Hy, (197‘)] (8)

H,(r) 2

where: Jm(gr) and Nm(gr) — Bessel and Neiman functions m - order, Hm(1)(gr) and
Hm(2)(gr) — Hankel's functions first and second type m - order, Km and Lm -
unknown integral constants, m — number, which characterizes the change of EMF
along @ —coordinate.

Coupling equations for stepped fiber optics [1,2] will be as follows:

: 1( 0E, jwudH,\ . 1 aE' oH,
Eo=——(y 22+ L2802 ) g = — (-1 i 9)
g or r d¢ g ra¢
.1 (jwedE, 0H,\ 1 0E, y0H,
H,==|—=2- Hy=-—|j ~ . (10)
" gz<r op Vor )M g2 ]w€6r+r6¢

The resulting coupling equations coincide with the analogous equations in the
literature [2,3], but differ from the coupling equations (13), which were obtained in
the monograph by D. Marcuse [4], since the equations for the longitudinal
components in it are written in the form (12):

E, = E,e/"7elot H =H, e‘fYZ jot, (11)

o J % WU OH, N | yaEZ_ 61'-12 12

E = gz(y or t r 6(,0) E‘p - z(r 6<p wH 61')’ ( )
\ (e 2 O\ o S (vOHy OF 13
H, = g( we 6¢>+y ),H(p— g2<ra(p+wsar). (13)

Definition of electromagnetic field (emf) components in the core and
cladding of fiber optics

For internal problem just following conditions are valid: 0 <r<a,atr—» 0
functions Jm (gr—0) are of finite significance (Fig.2a), Nm (gr—0) — - oo, (Fig.2b),
Hm(1) (gr—0) — - o0, HM(2) (gr—0) — + .)
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Bessel functions Bessel functions of 2nd type

2

Fig. 2a. Bessel functions Fig. 2b. Bessel functions of 2nd type

Solutions of the external problem may be written down in form:
EZ(rr d): Z) = Am ]m(glr) : e—]’Z : ejmd)}’ (14)

HZ(T’ d)' Z) = Bm ]m(glr)e_yze]m¢
where Am and Bm - unknown complex integral constants. From coupling equations
other components are determined:

, 1 . ' wum . ime —yz
Br, = = 3 |r91dmIn(0rr) = == BuJm(gir)| - /7 - o7V, (15)
1
L) gmr : e jm$ . gz
Ep, = 2|~ AnIm(017) + jor191Bnly (g:7) | - €% - €77%, (16)
, 1 (weym . S im¢ . ,~yz
Hy, = _? T AnJm(917) + ¥ 91Bi) (g17) | - €779 - 7Y%, (17)
1
' 1. i1 jym jme . p-vz
Hyy = T2 jwe1g1Am)m (917) +TBmlm(91r) rerree (18)

where J,,(g17) = W- derivative from Bessel’s function,

(g1r)2:(k21+7/2)’"2:(w251ﬂ1+72)’”2. (19)

External problem solution (EMF in cladding)

If r > o« - the functions Jm(x) — 0, Nm (r—w) — 0, Hm(1) (r—»«) - , Hm(2)
(r—x) - finite significance functions. There are the following conditions for external
problem: a<r<b.

For the electromagnetic field in the cladding, it is expedient to use solutions and
to estimate the changes of the Hankel functions of the first and second kind from
the radial coordinate at the corresponding propagation coefficient and the behavior
of the function on the complex surface:
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1) For a < r < b, the Hankel function of the first kind increases from the core
boundary to the perimeter of the cladding Hm(1)(k2r),

2) For a < r < b, the Hankel function of the second kind, on the contrary,
decreases with increasing radius Hm (2)(kr) if it is assumed that the transverse
wave propagation coefficient in the shell is a complex value in the form: k2= - jg2.

Thus, from the standpoint of physical reliability, it is expedient to save the
function Hm(2) (k2r)= Hm(2 (- jg2r) in the equation and write the z-projections of the
vectors E and H on axes of reference in form:

Ep(r,$,2) = G - Hn® (=jgor) - e/ - e VZ} (20)
ZZ(TJ ¢IZ) - Dm . Hm( )(—ng’r) . e-’m¢ e vz
where Crvy B unknown complex integral constants,

(g 1) = (k" + 7 =[@eyt + '] 17 the squared transverse coefficient of EMW
propagation in the cladding along the coordinate r.
Other components are determinable from coupling equations:

E,=~ (_,-; . {jr(—jgz%C’,,,-H,,,(”/ (- jgar) =220, 1, g ]e-m e =
(21)
1 Y 2)/ . 3 mp -z
:g2|:_j7'g2 ‘Cm.Hm( ) (_JgZV)_%.Dm.Hm( ( JgZ ):| / e
Egz = 5o [J Wha(=jg2) - Do - Hn ™ (=jigor) =222 Cpy
@ (—j ceimd . o-vz
1 g ) .
E[—wuzgz- Hy @ (—jger) + 2L Cm-Hm(z)(—ngr)]-e’m¢’-
e V%,
: 1 jwejm . o -
HTZ:(_jgz)z[ . Con - Hi (=jg27) = jY92 - D Hyy) (—ngr)]
ceme . 77 = (23)
1 . , _
=;[mjm G- Hn® (~jga7) + g2y - Dy H “(—ngr)] eim? . g7z,

Hyp = ~ TR [Jw 2(=i92) - G- Hn® (—jigor) +— Drn
Hm(z)(—]gzr)] -eImP . e7VZ = E[‘”Ezgz : Cm - Hp @ ) (—=jgzr) + (24)
+WT’". D,, - Hm(z)(—jgzr)] LeImd oz,
where
Hn @ (—jgyr) = 2nlCI00 - My O g0y~ Hy P(—jgyr),  (25)

or —jgar
- derivative from Hankel’s function of the second kind.
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The definition of unknown integral constants and deriving of the eigenvalue
equation.
For the definition of unknown integrated constants, it is necessary to use the
boundary condltlons at r=a all tangentlal prOJectlons of vectors E and H :
E,y = Ezz,E¢1 = E¢2,H 1= sz,H¢1 = H¢z, (26)
are continuous (normal projections of vectors E and H — undergo sudden change):
1)Ezl(a) = E,,(a) and

, . (27)
A+ Jm(gra)e ™ - eI = C, - H (2)(—jgza)e‘”-e1m"’ then,
a
, , " HP (—jg.a)
’ - ime ’ @), - ime (29)
By - Jm(g1a)e™ V% - /™ =D, - H,,"* (—jg,a)e V% - e/™® then,
, a
Dy, = By, —(]2';1(91_) , (30)
(—jg2a)
1 j ' .
3) 72 [_%Am/m(gla) +]0)Il1913m/m(gla)] =
1 ' - jmy .
—5 |~ 0H202 D Hn® (=jg20) + == G+ Hu® (= g20)
92 (31)
_ok g Im0i®) g 7 Jmy Y
[ g2 Bm Hm(z)(—jgza) Hm ( ]g a)+ A
Jm(g1a) H (2)(_19 a) then
Hn @ (-jgza)" ™ z ’
OH, J,'n(gla)_ O, H(Z)m(—jgza)
A’ :B’ (g,a) Jm(gla) (—jg,a) H(Z)m(_jgza) (32)
" W(l_ 1 J
a’\ gl (-jg,)’
4) H¢1(a) = H¢2 (a) —= Jw5191Am/m(91a) + Bm/m(gla)]
1 ,
= L |weady G Hn® (—jgaa) + 122 Dm-Hm“(—nga)]=
wEe , a 1 ym ' a
% T HP(—jga0) 9.* a Hy (=j920) (33

: Hm(z)(—jgza)]
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Wl(l_ 1 j
alg (—jg,)’

i -5 |
m m _%J'm (gla) 0)52 H(2)m(_ jgza) (34)

then g J, (gla) (-Jg,) HY, (_ jgza) ,
A, B, C,,D,, — 4 unknown integral constants may be determined from equations
system.
Solving the equality with respect to 4,, and B,,:
whq ]r'n(gla) Wiy H® m(—jg2a)
(910)Jm(910)  (—jg2a) H?, (—jg,a)

m(i_;)
a* \gi (—jg2)?
m(i_;)
a’ \gi (=jg2)?
_(‘)El]’m(.gla) + wéy H(Z)’m(_jgza)’
910 J;m(g1a) ~ (—jg2a0) H® ,(—jg,a)
we obtain the transcendental characteristics equation [so-called — eigenvalues
equation (EVE)] in the form:

[_wglj'm(gla) we, H(Z)'m(—jgza)]x
910 Jm(g1a)  (—jg2a) H(Z)m(—jgza)
[wull'm(gla)_ wp, HP'Y(—jg,a)]  y*m? ( 1 1 )
910 Jm(910)  (=jg2a) H?,,(—jgoa) | a* \g;?

(35)

2 (36)

(—jg2)?

Eigenvalue Equation (36) permits to find unknown parameter: y - longitudinal
propagation coefficient, which depends on transverse propagation coefficients g1
and g2 at different m — values and other parameters of this equation, i.e. on the
structure of electromagnetic field in the core and cladding, parameters of higher
types waves and basic performances of fiber optics. Equation (36) is solved only by
numerical methods. The Eigenvalue Equation generally has a series of solutions,
each of which corresponds to a definite structure of an electromagnetic field, called
mode or wave type. The roots of this equation ymn = ymn (o, g1, g2) are the
propagation coefficients for electromagnetic waves of different structures in optical
fiber, with the corresponding values of g1, g2, a.

The eigenvalue equations (EVE) as obtained in [1-7] are incorporated into table
1. And retain their comparative analysis. The general difference between the
Eigenvalue Equations (36) in papers [1,2] and (37-41) [3-6] is the use of the second-
kind Hankel function, which correctly corresponds to the physical decrease
processes in components of the hybrid EMW propagating from the core to the
boundary of the shell surface:

1) The right-hand sides Eigenvalue Equation (EVE) obtained in work [3]
coincide with the EVE (36), and the left-hand side, in which the signs (+) appear in
front of the first and second factors, respectively, are different from (36).
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2) It should be noted that in [4] the problem was solved for a cylindrical dielectric
waveguide without cladding (¢2=1). Comparison of EVE of work [4] (38 27) with
EVE (36) shows: the difference between the right-hand side, expressed in the
appearance of the sign (-), the difference between the left-hand sides in the signs
and the absence of the complex factor j in front of the second terms of the
expansion.

3) In Marcuse’s book [5], in which a completely identical problem is solved, as
a result of introducing the term e-jyz, instead of e-yz , the difference between EVE
(36) and EVE (39) of work [5] is different: in the right-hand side there is no square
of degree (apparently a misprint),In the left part — the difference in the sign (-) before
the first member.

4) n work of [6], EVE in the form (40) is given, which can be transformed into
Eq. (41) and, at the same time, estimates of the differences from EVE (36): in the
right-hand side there is no square of degree, in the left part — the difference in the
signs (-) and (+).

Analysis of the transcendental eigenvalue equation for hybrid
electromagnetic waves which propagated in a regular stepped fiber optical
line of communication

The equation (36) implies dependence ) ymn = ymn (A, m, g1a, g2a) - the
coefficient of propagation of electromagnetic waves of various structures along the
optical fiber at the corresponding values of A, g1a, g2a, m. It should be noted that
the values of the parameter m for hybrid EMW can be: m = 1; 2; 3; 4; 5; 10, i.e.
along the ¢ coordinate can fit from one to 10 full wavelengths:

an{(.gla): ('gZa)l m}

[_ we ]'m(g10)  jwe; H® m(—jg.a)

1_‘ 91a Jm(g1@) ~ ga H® (—jg,a)

m x [a)lh]'m(%a) _j(l)#z H®' (—=jg,a) (42)
L 914 Jm(g1@)  g2a H® (—jg,a)

(G e
(910)* * (g20)?
where, ymn- is the coefficient of longitudinal propagation of EMW, which is related
to the transverse coefficients of propagation g1 and g2 at the operating frequency
of the signal w at various values of m and parameters of the core and shell.

Analysis of the eigenvalue equation

The eigenvalue equation (42) in the general case has a number of solutions
(roots of the equation), each of which corresponds to a certain structure of the
electromagnetic field, called the wave type or mode [1,2], i.e. the solution to this
equation is to find the relationship between the discrete values of the longitudinal
propagation coefficients ymn (at extremely low attenuation coefficients) and the
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transverse propagation coefficients g1 and g2 at the operating signal frequency ®
(or at the operating wavelength (for example, A = 1.31 or 1.55 um) for the given
parameters of the core (¢1,u1) and the shell (2,u2). The values of ymn are called
the eigenvalues of the EVE problem: ymn = ymn (®, m,g1a, g2a). In the general
case, the solution of this transcendental equation can be obtained only in numerical
form, and the solution is associated with the six component vectors of the
electromagnetic fields and, in general, they cannot be divided into transverse
electric (TE) and transverse magnetic modes (TM), t. e. In the general case, in the
core and in the cladding of the optical fiber, a multitude of hybrid waves of the type
HEnm and EHnm arise.

Table 1.
Egenvalue equations (eve)

[_ we; J'm(910) | joe HP i (=jga)
91 Jm(g10) 92 H(Z)m(—jgza) @
! . 2)7 o
91 Jm(g1a) 92 H(Z)m(—]gza)

m?y? /1 14\?
=—(—+—) .
a? \g;* g,*

we J;m'(g10) | jwe, Hr(r}) (jg2a) .
91 Jm(g10) g2 Hr(r})(]'gza)
. iy Jm' (910) | jou, Hr(r}) (g29) =m2ﬁ2 1 1
91 Jm(g10) 92 HT(,})(]'gza) a* |g7 93

[3] (37)

2

wey ' (910) W& Hr(nl) (g.a) .
91 Jm(910) 92 Hr(nl)(gza)
|emin' @0 _ wp Hy (go0)] _m?p? [i_ir

91 Jm(G10) g, Hr(i)(gza) a’> |g? g3’

[4] (38)

wer ' (g10)  jwe, Hr(r}) (g.a) .
91 Jm(g10) g2 HT(,})(]'gza)
)

. Wl Jm' (910) _Jwp, Hr(nl) (l'gza)‘ m? B2 [i 1 ]

[5] (39)

— +_
91 Jm(g10) g2 H,(nl)(jgza) a*> |gi g3
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K| 1L 1 BYon | [n’ Len) n' HY 6w |_
B o L) ior HOGv) || o L(x)  ivr H (ivr)

2[ 1 1 ]
=n|——+—|
)? ()’

5. | (40) [6] (41)
or

[1‘]”1 (g,a) +LH:7” (]gza)unlz J, (ga) " j”zz H::) (jgza)]_

g J.(ga) g, H::)(jgza) g J.(g4a) &> H::)(jgza) -

m*fB? 1 1 !
= Zﬁ 2 2 + 2.2
a g a 8,4

For symmetric electromagnetic waves, in which the electromagnetic field does
not depend on the azimuth (¢ -th) angle, for m = 0, the right-hand side of the
characteristic equation (36 30) is zero and equation (42) splits into two relatively
simple equations:

- for transverse electric wave types:

91a Jim(g10)  gra H®,,(—jg,a) '
-for transverse magnetic waves types:

wp1]'m(g10) o, H® m(=jg2a)

TE on( Hon) — modes — [—

THon = Tmon(EOn) — modes — [

g1a Jm(g1a) - g2a H®, (=jg,a) (44)
= 0.
Given that the derivatives of cylindrical functions
1 Z'(x) = —Z1(x) ,we get 'y (g1a) = J1(g1a), (45)

and
©) (=jgz27) _ aHO(Z)(_jgzr)
0 —_ Y ~ JIds 7

5 =192 P (=jgan). (46)

H

Solutions of these equations can be approximately found:

1) For transverse electric modes that satisfy equation (44), from the boundary
condition Hp1= He2, an expression follows that defines the relationship between
the integral coefficients Bm, and Am [1], which are given in [1,2]: m = 0, then Bm
—o0, and for Bm to be finite, it is necessary to satisfy the condition Am =0, i.e. in
this case, the projection Ez tends to zero, which means that transverse electric TE
on (Hon) modes propagate in the dielectric waveguide.

Consider an approximate solution of equation (44), converting it to the form:

j51 g2)'m(g1a) _ H® m(—jg2a) (47)
&+ g1 Jm(g10) H(Z)m(—jgza)'
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For small values of the transverse propagation coefficient g2 in the shell
(g2a—0 or g2a <<1), the Hankel functions of the second kind of the v - th order are
written as an expansion:

H,?(~jg,a) = '(v;l)! . [ﬁ]", forv=1,23... (48)
For the first order v=1:
H ) (jga) =[] (49)
m l—jg,al

a zero order —

2
Ho'® (=jgz0) = j—+ In[=—], (50)

where number G=1,78 with the derivative
(=jg2r) . .

Ho(z) ’ =192 'Hl(z)(_ngr)- (51)

Therefore, the right side of equation (45) will be:

&1 92) ' m(910) _ H(Z)'m(—jgza)

J = - )
& 91 Jm(g1a)  H®,(—jg,a)
And substituting in it the Hankel functions of the first and zero order, we get:

Gg,a

(52)

.1 2
HO(Z)(—jgza) 'gln[ 2 ] Jg2a In[ 2 ],
I7 Gg,a Ggra
where factorial zero is taken equal to one.
Then equation (45) is written in the form:
.51‘92_]1(91(1)__ 1 ) 1
g & 91 Jo(g10) jg2a [G 1 ] (54)
g2a
Let's transform the equation (46) to the form:
&9 Jolgra) _ [ 1 ]
&.  J1(g19) g2"ain Ggoal (55)

For the right side of equation (47) , as g2a—0 tends, the magnitude of g22a

tends to zero faster than ln[jglaG] infinity. Therefore, for g2a—0, the right-hand side
2

of equation (47) tends to zero, which means its approximate solution is written:
Jo(91,a) = 0,  with the remaining finite values.

As is known (Fig. 3), the Bessel function of the first kind of zero order J,(x) has
a discrete number of zeros:

X =Gon = 91,0 = 2,405(n = 1)5_52(,1:2)8'654(71:3) (56)

Thus, the solutions of equation (42) with g2a<<1 are discrete and characterize
the types of transverse electric waves:- for the TEO1 mode: g1.a = 2.405;- for the
TEO2 mode: g1.a = 5.52;- for TEO3 mode: g1.a = 8.654; etc.

19



Infocommunication and computer technologies, Ne 2 (02), 2021

It should be noted that these solutions characterize the critical values of the
parameters g1n.a, which determine the critical frequencies (cutoff frequencies),

below which the electromagnetic modes cease to exist as a physical wave structure.
Jalx)

=0.2

=0.4
Fig.3. Graphs of changes in Bessel functions depending on the parameter x= g1n.a

For transverse magnetic modes that satisfy equation (44 33) , from the
boundary condition Ep1= E@2, , expression (57) follows, defining the relationship
between the integral coefficients Bm and Am [1,2]:

Wi, J:n(gﬂ)_ Wi, H(Z)""(_jgza)
(ga)J,(ga) (-jg,a) H?u(- jg,a)

W[l_ I J (57)
a’\g (-jg,)’

If m =0, then Bm = 0, if the denominator of the expression (57) is not equal to
zero. From this it follows that at Bm = 0, the projection of Hz tends to zero, which
means that the transverse magnetic TMon (Eon) modes propagate in the dielectric
waveguide.

Let us determine the critical values of the parameters g1na at g2a—0 for the
TMon - modes.

We write equation (44) with m = 0 in the form:

_j t192J1(g:1a) _ H1(2)(—j92a)

H291J0(91@)  HyP(—jg,a)

and use the expression for the TEon mode found above for the right-hand side with
g2a—0, then

5 5
Am = Bm

(58)

_jli192]1(91a) __ 1 ) 1
t291J0(g10) jg2a ln[ 1 ] (59)
Gg,a
Considering that p1=p2 =n0-1 and transforming the formula (59), we get:
Jo(g1@) ., [ 1 ]
—= ca-ln . 60
o J1(g10) 192 Gg.a (60)
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Similar to equation (47), expression (60) is characterized by a discrete set of
solutions (56) :
fo(glna) ~ 0, ¢on = 91,4 = 2/405(n = 1)5,52(n=2)8'654(n=3)!
and thus, TMon - modes have the same critical parameters as TEon - modes, i.e.
and critical frequencies.

Symmetric electric EOn and magnetic HOn waves have circular symmetry (m =
0) (Fig.4).

EPy | EPw | £Poy | EPp2 EPy EPy | £Py

051
0 $ f $ -
2 () 5 i na

HE\y, HEy | HE,; V HEy; | HE; | HEy | HE,
£o, Loy 501
Ho, Hoz oy

Fig.4. Distribution of hybrid modes depending on the number g1.a

Asymmetrlc electromagnetlc waves satisfy the general boundary conditions
EZ1 = EZZ,E¢1 E¢2,Hzl = HZZ,H¢1 = H¢2, the equation of eigenvalues EVE (36)
is found for them and, therefore, in an optical fiber, electromagnetic waves can exist
in the form of hybrid waves, having simultaneously with the transverse components
also longitudinal components Ez and Hz.

If we perform numerical calculations of EVE with a change in gmn- a =¢cmn,
when n and m change 1.2.3, etc. in this case, gmn-a varies from 0 to «, one can
obtain an infinite set of hybrid modes of the HEnm and EHnm type. As an example,
for hybrid modes of the EHnm and EHnm type, we consider an asymmetric low-
order mode of the HE11 type (m = 1, n = 1). The condition for solving the eigenvalue
equation (4.8), i.e. the definition of the root of this equation is written in the form:
g11-a =0 (single-mode regime), while the hybrid wave HE11 is a superposition of
two types of waves E11 and H11. This wave has no critical frequency, i.e. can
propagate along the fiber at all frequencies and at a certain ratio of the core
diameter and the working wavelength.
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For higher order modes, the roots of equation (36) will be:gmn- a =¢mn, for m
=1,2,3 ... the parameter gmn is the n-th root of the equation: Jm(¢mn,)=0, at gmn =
0.

Determination of critical frequencies (cutoff frequencies)/

An important parameter of any mode is the critical frequency (or cut-off
frequency). As noted above, the mode ceases to exist as a physical wave structure,
when the components of the electromagnetic field no longer decrease with distance
from the core. The degree of EMF reduction with increasing radius is determined
by the transverse wave propagation coefficient in the g2 shell. The m-th-order
Hankel function of the second kind H,,®(—jg,r) exponentially decreases to the
periphery of the cladding with increasing values of the argument (—jg,r). For large

values of the argument (g,r) » 1, the asymptotic approximation Hm(z)(—jgzr) is
written in the form:

e~ [Higzr=i(m+3)y]

H. @ (—j ~
m(—jgaT) -

= - 2 e 927 . e](m-'%)g
—Jmger
Thus, the second-kind Hankel function of the m-th ordeer(Z)(—jgzr), in
depending from the distance from the boundary core-cladding —of the optical fiber
changes according to the law:

Hm(Z) (_jgzr) =

(61)

e_gzr

v _J'gzr.
That is, the numerator decreases faster than the denominator. With a decrease
g2, the electromagnetic field begins to be redistributed and at g,= 0 in the optical
fiber the electromagnetic waves will not propagate, i.e. there is a so-called critical
mode. It is the wavelength (or frequency) at which this occurs is called the critical
wavelength or frequency (cutoff frequency).
Thus, the condition of the critical mode is the ratio:

(=Jgz - 7)* = (ka* + 1 ®)r® = [wPeqp +1,°] - 7% = 0, (63)
gZZVJ//12+k22:0. (64)

That is ¥, 2(A = Ay) = —k,” = +jwi+/Eal, Express the critical frequency in
terms of the parameters of the fiber core from the equation:

(gﬂ”)z:(k21+72)7”2:(w251ﬂ1+72)’”2. (65)

(62)

Then:
glnz = kln2 + Vnz = kln2 - karz = wkrz(glﬂo) - wkrz (82#0) =

21 fer (66)

)? - (&1 — €2),

= wkrz(fl — &)&oto = ( c
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where the critical frequency is determined in the form:

_91-¢ 1 _ Yin - @ _ (91n'a)'C

Jirn = 2T fm2 —n2 Cnd- e, — &, (67)
1 2 2ma- Jfo(frl — &,)Ho T2

And critical wavelength:
. 7Td : \/Srl - STZ _ ﬂd\/nlz —n22

krn —
91,4 P1,

Thus, the critical frequency for the nth mode is determined by the parameter
p1n=g1n-a for a given core radius and the difference in relative dielectric constant
(e1-e2). When analyzing the eigenvalue equation, only a lower-order asymmetric
mode with m = 1 and n = 1 can have a zero value g11a =0 and hence the critical
frequency is zero. This mode, therefore, can propagate on any frequency. This
regime of propagation of electromagnetic waves is called degenerate.

In the real case for the HE11 mode, the condition of propagation of the EMW
over the parameter p1n=g1n-a cut-off condition can be found from the inequality
0<(glna)<2,405

The phase propagation velocity of the electromagnetic wave along the fiber

cladding is determined from a simple expression:
W 1

Cc
ke VEo2lolz 4 Erz’
at a frequency equal to the critical (when and at high frequencies, when almost all
the energy is concentrated inside the core:

a)_

1 c
= 70
ki Jeoe ot \/;1 _ 7o

In accordance with the solution of the internal problem, an electromagnetic
wave of type HE11 exists in the core in the form of two mutually orthogonal
polarizations: vertical - HE11V and horizontal - HE11H, corresponding to the
change in angle ¢ : ejmo = cos +j-sing .

As an example, the values of the part of the roots g1n a a Bessel functions,
depending on the order n and the roots of the Bessel functions, are given in tabl. 2.

Table 2.
Parameters of p1n=g1n-a for the
number of the root function with different m

(68)

Vv =

(69)

V=

Wave type Functic;]n order , 2 3

EO n, HOn 0 2,405 5,520 8,654
HE11 1 0,000 3,832 7,016
EH1 n 1 3,832 7,016 10,173
HE2 n 2 3,050 5,538 8,665
EH2 n 2 5,136 8,417 11,620
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As follows from the above, the Bessel functions of the first kind Jm(pmn)=0 of
the n — th order give an infinite number of roots p1n =g1n .a. Moreover, the roots of
the function JO(pOn) determine the structure of the electromagnetic field of the
symmetric waves EOn and HOn, and Jm(pmn) with n=0 determine the structure of
the asymmetric hybrid waves HE mn and EH mn. Separate propagation of
asymmetric waves of type Emn and Hmn through the fiber is impossible. In the
optical fiber, they exist together, i.e. the longitudinal components Ez #0 and Hz=0 .
It is these waves that are called hybrid waves and are designated HE mn if the field
in cross section resembles a field of type H, or EH mn if the field in cross section
resembles waves of type E. It should be noted that lasers, as coherent sources of
optical radiation, create a linearly polarized wave at the input of the fiber, which
leads to the excitation in the fiber of the primary waves unlike hybrid waves HEmn
and EHmn . This problem can be considered by grouping the modes by the ranges
of values pmn =gmn-a between the adjacent roots of the Bessel functions JO(pmn,)
and J1(pmn,), as given in tfbl. 3.

Table 3.
Grouping the modes by the ranges of values pmn =gmn-a

Spacing b_etwee_n root values Wave type (mode)
pmn=¢mn = gmn-a
0-2,405 HE11, EO n, HONn
2,405-3,832 HO1, EO1,HE21
3,832-5,136 HE12,EH11, HE31
5,136-5,520 EH21, HE42
5,520-6,380 HO02, E02, HE22
6,380-7,016 EH31, HE51
7,016-7,588 HE13,EH12, HE32
7,588-8,417 EH41, HE61

The sums of the fields of the considered wave groups give the corresponding
linearly polarized modes, denoted by LPmn, or the polarization modes, denoted by
EPmn. EPmn waves with a single linear polarization represent only an
approximation of the actual eigen waves HE mn and EH mn in the core of the fiber.
Any LP1n wave consists of HOn and HE2n waves with one polarization and of EOn
and HE2n waves with another polarization. The LPmn wave of higher order n
around the circumference of the core consists of HE m+1,n and EH m-1,n. More
precisely, of course, it is necessary to use the spectrum of the waves HEmn and
EHmn. For weakly guiding fibers with refractive indices n1~n2 , it is convenient to
use LPmn waves. Only when LPmn waves propagate through a fiber over a long
distance, do they split into their own HE and EH waves due to the difference in their
eigenvalues (i.e., phase velocities). Therefore, when introducing a linearly polarized
laser radiation into a stepped fiber, one observes an inconsistency between the
eigenmodes HE mn and EHmn both in the field structure and in the polarization.
This leads to a strong transformation of waves in the initial part of the fiber and, as
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a consequence, to an increase in the power loss of the propagating EMW due to
"leakage" of modes into the shell.

The length of the establishment of the equilibrium state of the modes can be
determined with the approximate formula:

d v
L = 25— exp(3), (71)
cr

where Lm is the fiber length (in m), at which 90% of the power of all flowing modes
is radiated, d is the core diameter (in m), 6cr is the solid angle of aperture in radians,
v is a power parameter. For example, when d = 10 ym., 6cr = 0.14 and v = 30, the
value of the length of the establishment of the equilibrium state of the modes will be
Lm =58 m.

Algorithm for calculation of optical parameters focl
The algorithm of the engineering method for calculating the optical parameters
of a single-mode and multi-mode stepped fiber can be summarized in tabl. 4 [2,8].

Calculation of energy balance in a fiber optical communication line
(FOCL)

Let a laser diode be used as a radiation source for transmitting signals through
a single-mode fiber, and avalanche photodiodes as a detector at the receiving end.
The output power of the source and the sensitivity of the detector depend on the
required bit rate of digital information and the line length. In the general case, the
power of the source is selected from the required line length, while the sensitivity of
the detector should be the best.

The line is physically realizable when the following condition is met:

Pt —a > Pmin +5, (72)
where Pt is the transmitted power level (dBm), a is the total operating attenuation
in the line (dB), Pmin is the receiver sensitivity (dBm), & is the energy margin (dB).

For line loss analysis, the energy balance is usually used, which is defined as
the difference between the transmitted power and the receiver sensitivity, i.e., if the
maximum transmitted power is - (-10) dBm, and the receiver sensitivity is (-30) dBm,
then the energy the power balance will be equal to

B= Pt mak - Pmin =20 dB. (73)

The overall energy balance determines the permissible level of losses in the
line from the terminal equipment to, for example, the first regenerator. If the total
losses in the FOCL do not exceed 20 dB, then the conditions for stable reception
are ensured.

When calculating the total losses in FOCL, the following main parameters are
taken into account:

* line length L;

» coefficient of linear attenuation in optical fiber a;

* number of detachable connections i;

* average losses in the ai detachable connector ai;
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* the number of non-detachable connectors n;

* average losses in the one-piece connector an;

* number of taps s;

* average losses in the coupler as;

* energy reserve § (above the sensitivity level of the photodetector).

The considered algorithm can be used for engineering calculation of the main
optical parameters of a single-mode and multimode stepped fiber of fiber-optic
communication lines in the Mathcad program.

Typically, the energy margin & is selected in the range from 3 to 6 dB. The total
attenuation in the FOCL can be determined as follows:

a=a-L+i-a;+n-a,+s-a;—P;—Prpin—06 =B -9, (74)

where Pt is the power of the transmitter (laser), Prmin is the sensitivity of the
photodetector, B is the energy balance.

From formula (73), taking into account the standard construction length of the
cable Ib, the maximum length of the regenerative transmission section can be
calculated both in terms of attenuation and dispersion. For single-mode fibers that
have good dispersion characteristics, the length of the regeneration section is
determined by the total attenuation:

B—i-ag—n-a,—s-a;—6
bri = @ ’ (75)

where B is the energy balance, Ib is the construction length of the cable.
As an example, the following is the calculation of the maximum distance to the
first regenerator of the main fiber-optic communication line with the following data:

PPAR = 10dBm

PUZTmin
apar = —3aBm
855 = 1dB
aNS = OldB
aSAZ = ZdB
LCEL = 2km

0.25dB

km
10— (—40)—-3-2—-2401-6
Lyax = 01 =123,7 km

0.25 +7

For the railway line - Riga - Krustpils - Daugavpils in fig. 5. shows the power
distribution along the path for the following data: L; = 120 km, L, = 90km, where
M=1 is one coupler.
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Table 4.
The algorithm of the engineering method
for calculating the optical parameters

Ne Parameter Formula Unit of
measurement
1. Refractive index of the coatingn2: | n, =n;, —4n-2n; |-
oy Number aperture NA NA = |n? —n2 )
Characteristic (normalized)
3. d
frequency {= - NA -
Critical wavelength d
4 kr = 2,405 um
Linear coefficient of dielectric
. Tn, tgd
energy loss:ap , where tgé is the = - 8,69
5. . . a 2 dB/km
dielectric loss tangent - tgé = (10- 103
12-10-10)
Linear coefficient due to Rayleigh
scattering losses: ai K
6. | where KR is the Rayleigh @ =—x dB/km
scattering coefficient -KR = 0,8 A
dB-um4/km
7 Approxmate value of the total @ =ap+ag dB/km
linear loss factor
specific chromatic dispersion:
M(A) _
8. | where B (1) is the waveguide D) =M@) +B(A) nc/nm-km
specific dispersion M (1) is the
material specific dispersion
9. Time chromatic dispersion T=A4A-D(A)-L ns
Approximate bandwidth »
10. 0,187 <k < 1 AF=k/T MHz
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Fig. 5. Distribution of optical signal power along the main FOCL Riga - Krustpils -
Daugavpils

Conclusions

Thus, the paper has solved the boundary value problem of EMW propagation
in a regular stepped confocal cylindrical optical waveguide, as a result of which an
eigenvalue equation (EVE) was obtained that describes the origin of an infinite
number of electromagnetic hybrid modes.

The analysis of the eigenvalue equation showed the conditions for the
occurrence of transverse-electric, transverse-magnetic and hybrid electromagnetic
waves, and also estimated the conditions for single-mode and multi-mode regimes
of EMW propagation. The critical lengths of hybrid EME are determined.

An algorithm for an engineering method for calculating the main optical
parameters of FOCL is proposed, the main of which are: the linear attenuation
coefficient, the bandwidth of the optical channel and the energy balance along the
FOCL.
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